ABSTRACT. Let X be a simply-connected closed oriented 4-manifold and A an embedded surface of genus g and negative self-intersection −N . We show that for fixed genus g there is an upper bound on N if the homology class of A is divisible or characteristic. In particular, for genus zero, there is a lower bound on the self-intersection of embedded spheres in these kinds of homology classes. This question is related to a problem from the Kirby list.
INTRODUCTION
A well-known problem in the smooth topology of simply-connected closed oriented 4-manifolds is to determine for a given second integral homology class the minimal genus of a smoothly embedded closed connected oriented surface representing that class. This problem dates back to the work of Kervaire and Milnor [6] and has been studied a lot since the introduction of the Donaldson and Seiberg-Witten invariants. The problem is harder and less is known in the case of homology classes of negative self-intersection (if the manifold does not admit an orientation reversing self-diffeomorphism). This is partly due to the fact that the Seiberg-Witten invariants are sensitive to the orientation of the 4-manifold. If the self-intersection number gets very negative the adjunction inequality [13] from Seiberg-Witten theory reduces to the fact that the genus of the surface is at least zero. For example, the minimal genus problem for the K3 surface for classes of non-negative square has been solved completely [10] . On the other hand, not much is known for classes of negative square. Finashin and Mikhalkin [2] constructed for any negative even number n ≥ −86 an embedded sphere in the K3 surface with this self-intersection number; see also [1] . In general, Problem 4.105 from the Kirby list [7] asks if there is a (negative) lower bound on the self-intersection of embedded spheres in a given 4-manifold X (a 4-manifold with non-vanishing SeibergWitten invariants does not contain embedded spheres of positive self-intersection). One can also ask the following question: Given a genus g, is there a lower bound on the self-intersection number of embedded surfaces of genus g in the 4-manifold X?
In this note, we will show that there is a lower bound on the self-intersection number if we fix the type of the homology class A in following sense: We assume that the integral homology class A is divisible by an integer greater than one or that it is characteristic. The proof in both cases uses branched coverings in a similar way to the paper [8] due to Kotschick and Matić together with the solution of the 5 4 -conjecture due to Furuta [3] . There is also another approach using the Gsignature theorem [5, 14] that leads to the best results for divisible classes in our situation. The result for divisible classes therefore is implicit in these papers, but it is a worthwhile preparation for the case of a characteristic class. In this case the other ingredient is a lemma that allows to represent a multiple of a given homology class by a surface of a certain genus. The argument here seems to work only with the 
The spheres in the example of Finashin and Mikhalkin represent indivisible homology classes in the K3 surface. Unfortunately, the method presented here does not give a lower bound on the self-intersection number in this case. In the final section we indicate a strategy how to obtain a bound in the general situation, that depends on an open, yet not completely unrealistic, conjecture.
BRANCHED COVERINGS AND THE
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4 -THEOREM We first need some preparations. From now on, X will denote a closed oriented simply-connected smooth 4-manifold whose second Betti number is nonzero, so that X is not a homotopy sphere (the results in this paper remain valid if H 1 (X; Z) = 0). All embedded surfaces in the following will be connected, closed, oriented and smoothly embedded. Suppose that B ⊂ X is such an embedded surface in X of genus g B , whose homology class [B] ∈ H 2 (X; Z) is divisible by a prime power q = p r , where p is a prime and r ≥ 1 an integer. We can then consider the q-fold cyclic branched covering φ : Y → X, branched over B. The second Betti number and the signature Y are known from [4, 5, 8, 14] . They are given by:
The formula for the second Betti number follows from the well-known formula for the Euler characteristic of a branched covering and the fact that the first Betti number of Y is zero. In addition it is known [12] that Y is spin if and only if the class (q − 1)
is characteristic, i.e. the mod 2 reduction of its Poincaré dual is equal to the second Stiefel-Whitney class w 2 (X). Hence if q is odd, then Y is spin if and only if X is spin. If q is even, then Y is spin if and only if
In any case, we have the inequality
Suppose that Y is a spin manifold. Under our assumptions the second Betti number of Y is non-zero. In this situation Furuta's theorem [3] on the 
THE CASE OF DIVISIBLE A
The following theorem can be deduced from results in [5, 14] due to HsiangSzczarba and Rohlin. 
is an odd prime power. Hence for fixed genus g A there is an upper bound on N , depending only on X and q. For an arbitrary odd prime power q ≥ 3 we have
Proof. In [14] it is shown using branched coverings over X, branched along A, that
This implies inequalities (3.1) and (3.2). Suppose q ≥ 3. With b 2 (X) ≥ σ(X) we have
This is inequality (3.3).
Note that the bound for q odd is greater than the one for q = 2 and tends to this one for large q. In any case q 2 has to divide N . Hence for a given prime power q and genus g A there is only a small finite set of possible values for N . For completeness we also derive a bound using the 
Assume also one of the following:
• If q is even, then the class [C] is characteristic.
• If q is odd, then X is spin.
Hence for fixed genus g A there is an upper bound on N , depending only on X and q. If X is spin and q odd, then
Proof. We consider the branched covering Y → X as in Section 2 with B = A.
Note that under our assumptions the manifold Y is spin. Hence Furuta's theorem applies, which leads to inequality (3.4) . Suppose that X is spin and q ≥ 3. An argument similar to the one above leads to inequality (3.5). Here we have to use that 4b 2 (X) − 5σ(X) is non-negative according to the In particular, for g A = 0, we see that there is an upper bound on N of 76 for homology classes divisible by 2 that are represented by an embedded sphere. We can use inequality (3.3) to derive the following upper bound on N if the class A is divisible by an odd prime: N ≤ 85.5 + 4.5g A .
THE CASE OF CHARACTERISTIC A
We begin with the following lemma: Proof. The proof is elementary: Let A ′ be a section of the normal disk bundle of A, considered as a tubular neighbourhood, having precisely N transverse zeroes.
Smoothing the intersections between A ′ and A results in the surface B. The claim also follows from the more general Lemma 7.7 in [9] under switching the orientation of X.
We can now prove the main theorem in this section. 
This implies inequality (4.1). In the conjecture we have to replace κ < 4 by κ < 2d d−1 . However, for d > 2, this conjecture tends to get unrealistic.
